We develop some new properties of the relative rearrangement. Some of these properties generalize well-known results known as the Hardy-Littlewood inequality.
Now, we recall the notion of relative rearrangement, as it appeared in [7] . Let v E L'(R), we define a function w in D* by: (Here the last integrand is the decreasing rearrangement of the restriction of u to the set P(s) = {U = u*(s)} supposed to be of positive measure.) The following theorem was proved in [6] . We will need the following properties proved in [6] (see also [ 51) . PROPOSITION The following definitions concern the mean value operators introduced in [7] . DEFINITION 
'(a*) the relation (1) holds. In fact, if we consider first gEG@(Q*), we can argue as in [7] to get relations (1). As Mu,. belongs to Y(L"(Q*), L"(Q)) (see [S] ) and the mapping ge L"(sZ*) + Jn* gv,* da is continuous, we can conclude by density of 9(8*) in %'(a*). 
where dT denote the (N -1 )-dimensional Lebesgue measure.
Proof of Remark 2. We recall (see [ 11) that a real t is called a regular value of u if u-'(t) is a compact (N -1 )-dimensional manifold on which Vu(x) # 0.
A real t is said to be a critical value of u if it is not a regular value. The set of critical values is denoted by %?. According to Sard's theorem (see [ 1 ] ), if u E G+?"(Q) then the Lebesgue measure of %Z is zero.
We denote by p(t) = IU > tJ. We observe that u has no flat region because l/IVu] is in L'(Q) and on flat regions Vu(x) = 0 a.e. We then have for all s E 0* : p(u.+(s)) = s.
The function p is absolutely continuous. In fact, let us take (a, b) E R2 (a< 6). The function u is Lipschitz and l/IVuJ is integrable. We can use Federer's theorem [2] to get and These last relations prove that p is absolutely continuous. As absolutely continuous functions map null sets into null sets, we deduce
Using relation (3) we get {s E Q*, u.+(s) E U} is included in p(v). Thus, for almost every s in sZ*, u*(s) is a regular value of u. In the following, we consider only such points S. The following computation is then true for almost every s of Q*. Let h > 0; as u has no flat region, we get
One can check that for small h, Vu(x)#O for all x in the compact Kh 
and u/lVul is in L'(K,). We use Federer's theorem [2] to get
Let us write u.+(s + h) = u*(s) + R(s, h), where R(s, h) = h . (du,/ds) + o(h) (du,/ds exist a.e. as u* is decreasing and R(s, h) # 0, since u has no flat region). Then we get
And when h tends to zero, a.e. in 52*.
This last relation is true for all v E L'(Q). In particular, if v = 1 (u*, = 1, see Proposition 1) and thus a.e. in O*.
These last formulas lead to (2).
GENERAL PROPERTIES OF THE RELATIVE REARRANGEMENT
The following is a generalization of the property of contraction for v*,.
This lastformula is also validfor (ul, v2)c Lp(Q)x Lp(Q) (1 <p< +co) if p satisfies 3ct20, g?EjW, VtER, IP(t)16~ItlP+a.
Remark 3. According to Kranoselskii [4] , the last condition for p is necessary and sufficient to ensure that the mapping v -+ p(v) is continuous from Lp(sZ) (resp. Lp(Q*)) into L'(Q) (resp. L'(Q*)). By equimeasurability, we deduce p(u,) = [p(u)], for any UEL~(Q) and any convex function p; it is not difficult to see that this is impossible (for example, take p decreasing).
The proof of Theorem 2 needs the following lemma whose proof can be easily deduced from G. Chiti's result [3] . LEMMA 2. Let p be a conuex function defined in [w, u and u two measurable functions defined in Q, u E L"(Q); then we have s p((u + u)* -u*) do < s
Proof of Theorem 2. Since p is a convex function, the mapping UEL~(S~) -+ Jn p(u) dx is L.S.C. for the weak star topology. Hence, if (u,, uq) are two elements of L"(Q), we know (see [5] ) that for all A>0 and u measurable defined in Q, ProoJ We argue as in [3] . We consider the real Lipschitz functions T,, defined by if z3n if IzI <n if 2 < -n.
Then the functions uin = T,(ui) i= 1, 2 are in L"(Q) and satisfy bln -aZnl < 10~ -~1 a.e. Since the function p is non-decreasing, we deduce that I Au,.-uz,l)dx< p(lu,-uzl)dx a I R and that the function p( I tl ) is convex; we apply Theorem 2 to get I a*P(Iul,,.-uz,,.l)d~~ j Alu,-A)dx.
R
Since the sequence v,, tends to u, in L'(Q) i= 1,2 and the mapping uEL'(Q)+u*, E L'(sZ*) is continuous, we can substract a sequence' denoted also u[,,.+.~ which converges almost everywhere in Q*. We apply Fatou's lemma to get that I n' ~(lu,,, -uz*ul) da G !h.nJ^,* dIu~n*u -~nwl) n G Q~(l~, -u,l)dx. I s These last results illustrate the convergence of the relative rearrangement in Orlicz spaces if the original functions belong to L'(Q) and converge in Orlicz spaces.
A GENERALIZATION OF THE HARDY-LITTLEWOOD INEQUALITY
Before proving the result of generalization, we will need some lemmas: Proof Let P=UicD Pi, where Pi= (v= 0,}, JPJ #O, and 8,#0. We denote by xa the characteristic function of a measurable set A. We put 2,(x) = (l/n). (l/( 1 + [xl)) for any x E Q. We observe that
We define v,(x) = e -A~(-x)x+)(v(x) + A,(x) XfDEO)(X)).
One can check that 1
IfAl(x)-4x)l G--(lv(x)l + 1).
n So, II, tends to v in Lp(Q) (1 < p 6 +co). Let us prove that for all t E: IR, Iv, = cl = 0. We remark that
We deduce then:
+c Ii t XEpi,e-"n(")=-itLl The following lemma is crucial to prove the result of generalization. When we pass to the limit,
The following theorem is the generalization of the Hardy-Littlewood inequality.
Remark 8. If u2 20 is only measurable, vi 2 0, and vi E L'(Q), the relation (7) (or (8)) remains valid. In fact, there exists an increasing sequence u2,, E L"(Q*) such that lim u2,J0) = v2(c) and 0 < v2Ju) < u2(u) a.e. n Then As u, 2 0 implies v I *u 2 0 (see [6] ), then by Fatou's lemma, 
Then, we have g(s) = h*(s; + s) = h*(si) = h*(fi(h)(x)). In any case M,,,(h*)(x) = h*(fi(h)(x)) = h(x) (since h is continuous). By (9), we get the Hardy-Littlewood inequality. By density, the inequality remains valid for h E L"(Q) and UE LP(Q), l/p + l/q= 1, q> 1, and then for q= 1. 1 
